The dynamics of pneumatic systems are highly nonlinear, and there normally exists a large extent of model uncertainties; the precision motion trajectory tracking control of pneumatic cylinders is still a challenge. In this paper, two typical nonlinear controllers-adaptive controller and deterministic robust controller-are constructed firstly. Considering that they have both benefits and limitations, an adaptive robust controller (ARC) is further proposed. The ARC is a combination of the first two controllers; it employs online recursive least squares estimation (RLSE) to reduce the extent of parametric uncertainties, and utilizes the robust control method to attenuate the effects of parameter estimation errors, unmodeled dynamics, and disturbances. In order to solve the conflicts between the robust control design and the parameter adaption law design, the projection mapping is used to condition the RLSE algorithm so that the parameter estimates are kept within a known bounded convex set. Theoretically, ARC possesses the advantages of the adaptive control and the deterministic robust control, and thus an even better tracking performance can be expected. Extensive comparative experimental results are presented to illustrate the achievable performance of the three proposed controllers and their performance robustness to the parameter variations and sudden disturbance.
Introduction
Pneumatic cylinders are clean, easy to work with, and low cost; in addition, they have a high power-to-weight ratio and an excellent heat dissipation performance. These properties make them favorable for servo applications. However, pneumatic systems also have a number of characteristics which post significant challenges for the precision motion trajectory tracking control. Due to the compressibility of air, nonlinear flow through pneumatic system components, and significant friction of the cylinder seals as well as the payloads, the dynamics of pneumatic systems are highly nonlinear. Furthermore, there normally exist rather severe parametric uncertainties and uncertain nonlinearities in the modeling of pneumatic systems. Parametric uncertainties arise due to the variations in the physical parameters (e.g., seal friction). Uncertain nonlinearities are caused by terms like unmodeled dynamics, simplified flow characteristics of the control valve, and unknown external disturbances.
Significant effort has been devoted to solving the difficulties in controlling pneumatic cylinders. Early works include PID gain scheduling techniques [1, 2] , linear controllers augmented with friction compensation using neural network or nonlinear observer [3, 4] , and nonlinear state feedback techniques [5, 6] . Nevertheless, they obtained only a limited improvement in performance than the fixed-gain linear controllers [7] . Later on, adaptive control and deterministic robust control were considered. Let us mention, for instance, model reference adaptive control [8] , self-tuning control [9] , and sliding mode control [10] [11] [12] [13] [14] [15] . Generally, they can attenuate the effects of model uncertainties and had delivered a much better performance than other control strategies [16] .
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Recently, the backstepping technique was employed to design nonlinear controllers for further improving the tracking performance of pneumatic cylinders [17] [18] [19] . In [17] , a nonlinear controller using backstepping design technique for the pneumatic system was suggested, and the maximum tracking error of a smooth step trajectory was about 1.27 mm. A similar nonlinear control law was designed in [18] using backstepping technique, and experiments were conducted with small size cylinders (9.5 mm bore and 6.4 mm bore). The maximum tracking errors were within ±0.5 mm when a sinusoidal trajectory with amplitude of 7.5 mm and frequency of 1 Hz was tracked. In [19] , a model of the pneumatic system using offline trained neural network was presented, and based on which a novel control architecture with three components (sliding mode control based motion controller, force division block, and nonlinear state feedback force controller) was proposed. Sinusoidal trajectory with amplitude of 0.16 m and a progressively increasing frequency (up to 0.5 Hz) was used to test the tracking performance. The maximum tracking error was around 6 mm. However, since only strong nonlinear robust feedback is utilized to overpower the model uncertainty effects, the above backstepping nonlinear controllers are subjected to quite severe control input chattering.
As reviewed above, the nonlinear control schemes, which can account for model uncertainties, are essential for controlling precisely the motion of the pneumatic cylinders. As a simple approach to deal with model uncertainties, the sliding mode control has been widely used in [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . It is noted that, since no attempt is made to learn from past behavior, the designs are conservative and always involve either switching or high gain feedback to achieve good tracking accuracy. Hence, in order to attain high performance, a certain advanced control strategy which integrates adaptive control with robust control has to be employed. The adaptive robust control (ARC) proposed in [20, 21] utilizes online parameter adaptation to reduce the extent of parametric uncertainties and employs sliding mode control to attenuate the effects of model uncertainties. In ARC, a projection-type parameter estimation algorithm is used to solve the design conflict between adaptive control and robust control, and the backstepping technique is adopted to design the controller. The effectiveness of the approach has been verified through various application studies, for example, electrohydraulic actuator driven large-scale mechanical systems [22] , linear motor driven positioning stages [23] , and the control of pneumatic muscles driven parallel manipulators [24] .
In this paper, a pneumatic cylinder controlled by a proportional directional control valve is considered, which is depicted in Figure 1 . The adaptive robust control strategy is applied to design a high performance motion controller for the system. In particular, we present an experimental comparison of the proposed ARC controller and other two nonlinear control algorithms recently popular in the literature: adaptive backstepping control and deterministic robust control. The adaptive backstepping controller is developed using the tuning function design [25] , and the deterministic robust controller is constructed using the backstepping design. Three controllers are compared with respect to performance, performance robustness to parameter variations and external disturbance, and control effort. The rest of this paper is organized as follows. Section 2 gives the dynamic models. Section 3 presents the three strategies to be studied. Experimental results are given in Section 4, and conclusions are drawn in Section 5.
Dynamic Models and Problem Formulation
The pneumatic system shown in Figure 1 consists of a cylinder (FESTO DGC-25-500-G-PPV-A) controlled by a proportional directional control valve (FESTO MPYE-5-1/8-HF-010B). The system modeling presented in this paper is based on our previous work [26] .
The movement of the piston-load assembly can be described bÿ
where is the piston position, is the lumped mass including piston, slider, and external load, and are the absolute pressures of the cylinder chamber A and chamber B, respectively, is the piston effective area, is the viscous friction coefficient, is the external load force, is the lumped uncertain nonlinearities due to external disturbances, the unmodeled friction forces, and other hardto-model terms, and () is the Coulomb friction force, where is the unknown amplitude of modeled Coulomb friction force and () is a known smooth function used to approximate the traditional sign function sgn() in the traditional Coulomb friction modeling for effective friction compensation in implementation. Such a function can be chosen as
The following simplified model will be adopted to describe the cylinder thermodynamics:
where = , is the cylinder chambers index, is gas temperature inside the chamber, is the ambient temperature, bal is the equilibrium pressure when the spool of the control valve is at the central position, is the supply pressure, is the polytropic index with a value of 1.35, is ratio of specific heats,̇i n anḋo ut are the mass flows entering and leaving the chamber, is the gas constant,i s the heat transfer between the air in the chamber and the barrel, is the volume of the chamber, and̃is the lumped uncertain nonlinearities including external disturbances and terms like the neglected temperature dynamics. Choosing the origin of piston displacement at the middle of the stroke, the volume of each chamber can be expressed as
Advances in Mechanical Engineering
where 0 and 0 are the dead volumes of the two chambers at the end of stroke, including fittings and lines, and is the piston stroke. Convection is assumed as mode of the energy transfer between the air in the chamber and the barrel. Because of the low heat capacity of the air and the high heat capacity of the surrounding material of the barrel, the temperature of the metallic parts can be regarded the same as ambient temperature. Therefore,̇can be determined bẏ
where ℎ is the heat transfer coefficient and ℎ ( ) is the heat transfer surface area. The heat transfer coefficient ℎ can be identified experimentally using the method proposed in [26] . Figure 2 shows the measured heat transfer coefficient for the cylinder DGC-25-500-G-PPV-A. Heat transfer in pneumatic cylinders is a complex phenomenon. The values of heat transfer coefficient vary significantly during charging or discharging process. But, in practice, it would be enough to set a constant value to the coefficient [27] . A value of 60 W/(m 2 ⋅K) for charging process and a value of 30 W/(m 2 ⋅K) for discharging process will be chosen as a first step. The heat transfer surface area ℎ ( ) can be calculated by
where is the diameter of piston. Neglecting the valve dynamics, a combination of the International Standards Organization (ISO) recommended model and the theoretical model of compressible flow through an orifice is used to describe the flow through the valve MPYE-5-1/8-HF-010B; consider the following: wherėis the mass flow rate, ( ) is the effective valve orifice area, is the discharge coefficient, and are the upstream pressure and the downstream pressure, respectively, is the upstream temperature of air, is the critical pressure ratio, and 1 is a constant calculated by
To reduce the complexity of the model, the critical pressure ratio is assumed to take a constant value of 0.29 according to the valve catalogue. Since it has been confirmed experimentally that the valve is approximately symmetrical but unmatched, through measuring the mass flow rate under different input signals and work port pressures, the relation between input signal and orifice area (input and exhaust paths) could be obtained as shown in Figure 3 . Note that the valve null voltage is not 5 V as expected. The discharge coefficient is introduced to account for flow reduction caused by contraction and losses. It depends on the pressure ratio and is identified experimentally as follows:
Generally, the system is subjected to parametric uncertainties due to the variation of , , , ℎ, and so forth and uncertain nonlinearities represented bỹ,̃, and̃. In practical, uncertain nonlinearities may be divided into two components: the slowly changing part denoted by , , and and the fast changing part denoted bỹ0, 0 , and̃0. The slowly changing part , , and together with other important unknown parameters can be updated online through adaption law for an improved performance. To achieve this, define the parameter set
, and 5 = . In order to minimize the numerical error and facilitate the gain-tuning process, a constant scaling factor = 10 5 is introduced to the chamber pressures; the scaled pressures are = / and = / . Define the
, and the entire system dynamics can be written in a state-space form aṡ1
where = . Since the extent of parametric uncertainties and modeling errors can be predicted, the following assumption is made.
Assumption 1.
The extent of parametric uncertainties and uncertain nonlinearities are known; that is,
where min = [ 1 min 2 min 3 min 4 min 5 min ] and
5 max ] are the minimum parameter vector and the maximum parameter vector, respectively, and max , max , and max are known scalars.
For simplicity, the following notations are used throughout the paper: • is used for the th component of the vector •, the operation ≤ for two vectors is performed in terms of the corresponding elements of the vectors,• is used to denote the estimate of •, and• is used to denote the estimation error; that is,
The control objective is to synthesize a control input for system (10) such that 1 tracks the desired trajectory 1 with a guaranteed transient and final tracking accuracy. The desired trajectory 1 is assumed to be known, bounded with bounded derivatives up to the second order. Since the model uncertainties are unmatched in system (10), the recursive backstepping design technique will be employed. Two popular nonlinear control tools, robust backstepping control and tuning function based adaptive backstepping control, will be applied first, from which one can gain insights into the development and the advantages of the adaptive robust control. 
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Controller Design
Tuning Function Based Adaptive Backstepping Control
Step 1. Assuming that the system has parametric uncertainties only, that is,̃0 =̃0 =̃0 = 0 in (10), let 1 = Let = 3 − 4 denote the scaled pressure difference between two chambers. Considering as the virtual control input, the adaptive control law for is then given by
where is the model compensation term with online parameter estimateŝ1,̂2, and̂3 and is the robust feedback term, which is chosen to be a simple proportional feedback of 2 . Let 3 = − denote the virtual control input discrepancy.
Define a positive semidefinite function
where Γ is the positive definite symmetric adaption rate matrix. Differentiating 2 and substituting (13) and (14) into it yieldṡ2
where 2 = [− 2 , − ( 2 ), 1, 0, 0] is the first regressor vector. Therefore, the first tuning function can be defined as 6
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Consider as the virtual control input. Therefore, next is to synthesize a control function for such that the ( 2 , 3 ) system ( (13) and (17)) is stable with respect to
Similar to (14) , the following virtual control function is proposed:
where ] is a correction term yet to be chosen. Since the effects of inexact mass flow rate model equation (7) were lumped into modeling errors represented bỹand̃, let us suppose that there is no discrepancy between and . Differentiating 3 and substituting (17) and (19) into it giveṡ
where
is the second regressor vector and 3 = 2 + 3 3 is the second tuning function [25] . From (20) , the choice of ] is immediate. Consider
To eliminatẽfroṁ3, the parameter adaption law is chosen aṡ=
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Therefore, all signals in the system are bounded and the tracking error asymptotically converges to zero.
Step 3. Once the is calculated according to (19) , the input signal for the proportional directional control valve could be obtained according to (7) and the relation between the input signal and effective valve orifice area (see Figure 3) .
Deterministic Robust
Control. Deterministic robust control utilizes nonlinear feedback to overpower both types of model uncertainty effects; its design parallels the adaptive backstepping design in the above subsection.
Step 1. When the uncertain nonlinearities exist, rewrite the derivative of 2 aṡ The robust control law for is given by
where has the same form as that in (14) except that̂0 is the offline estimated value of , 1 is used to stabilize the nominal system, which is chosen to be a simple proportional feedback of 2 , and 2 is a robust feedback term to be synthesized later so that some guaranteed robust performance can be achieved in spite of various model uncertainties. Define a different positive semidefinite function
Differentiating 2 and substituting (24) and (25) into it yieldṡ
wherė2| is a short-hand notation used to represenṫ2 when = ; that is, 3 = 0. By assumption, the last four terms inside the brackets of (27) are bounded above with some known functions ℎ 2 ( ). For example, ℎ 2 ( ) can be chosen as
where = max − min , = 1, 2, 3. Using the smoothed sliding mode control technology, the robust control function 2 can be chosen as
where 2 > 0 is a design parameter and can be considered as the boundary layer thickness. Thus, the following conditions are satisfied:
Substituting (30) into (27) leads tȯ
Step 2. As seen from (31), if 3 = 0, then 2 will exponentially converge to the ball whose size can be made arbitrarily small by increasing feedback gain 2 and/or decreasing controller parameter 2 . Therefore, next is to synthesize a virtual control function such that 3 converges to zero or a small value with a guaranteed transient performance. In the presence of uncertain nonlinearities̃0,̃0, and̃0, the derivative of 3 can be rewritten aṡ
wherėrepresents the calculable part oḟand can be used to design control functions, whilėis the incalculable part due to various uncertainties and has to be dealt with by certain robust feedback as in Step 1.
Consider as the virtual control input. Similar to (25), the following robust control function is proposed:
Differentiating 3 and substituting (27) , (32), and (33) into it giveṡ3
As in Step 1, 2 is chosen as
Therefore, the following condition is satisfied:
Substituting (37) into (35) and noting (31) leads tȯ
where = min{2 2 / , 2 3 } and = 2 + 3 . Thus, the error vector e = [ 2 , 3 ] is bounded above by
Hence, 2 and 3 will exponentially converge to some balls whose sizes can be adjusted via parameters 2 , 3 , 2 , and 3 , and thus 1 is ultimately bounded.
Step 3. Once the is calculated according to (33) and (36), the input signal for the proportional directional control valve could be obtained according to (7) and the relation between the input signal and effective valve orifice area (see Figure 3 ). 
Adaptive Robust Control.
The ARC law has a similar structure as the robust backstepping control law except that an online estimate of is used to further improve the steady-state tracking performance. However, the adaption law like (22) cannot directly be adopted in the ARC since it could lead to unbounded parameter estimates in the presence of disturbance. Thus, no bounded robust control term 2 and term 2 can be founded to attenuate the unbounded model uncertainties in (25) and (33), respectively. As a result, the widely used projection mapping in adaptive control will be used to condition the online parameter estimation algorithm so that the parameter estimates are kept within the known bounded convex set Ω , the closure of the convex set Ω . Furthermore, in order to achieve a complete separation of estimator design and robust control design, in addition to the projection mapping, it is also necessary to use the preset adaption rate limits for a controlled estimation process. Therefore, the parameter estimatêis updated using the following projection type algorithm with a preset adaption rate limiṫ. Consideṙ
where is the adaption function, Γ is the positive definite symmetric adaption rate matrix, Proĵ(Γ ) is the standard projection mapping, and saṫ(•) is the saturation function. The standard projection mapping is
where ∘ Ω and Ω denote the interior and the boundary of Ω , respectively, and n̂represents the outward unit normal vector at̂∈ Ω .
The saturation function is defined as
wherėis the preset adaption rate limit. It has been proven in [28] that for any adaption function to be used such a parameter adaption law guarantees that the parameter estimates and their derivatives are bounded with known bounds. That is, the following properties will be held Advances in Mechanical Engineering 11 and a complete separation of the robust control law design from the parameter adaption process is realized:
To achieve better convergence of parameter estimates, recursive least squares estimation algorithm with exponential forgetting factor and covariance resetting is applied to obtain the adaption function and the adaption rate matrix Γ in (40). For this purpose, it is assumed that the system is free of uncertain nonlinearities; that is,̃0 =̃0 =̃0 = 0 in (10). Let ( ) be a stable LTI filter transfer function with a relative degree 3; for example,
where , , and are filter parameters. Applying the filter to both sides of the last three equations of (10) and rewriting these equations, the following filtered line regression models can be constructed:
, and 1 represent the output of the filter ( ) for the input 2 , ( 2 ), and 1, respectively. Dividing parameter vector into three
, and 3 = [ 5 ] , (45) can be written in the form of standard linear regression model as follows:
where represents the regressors; that is, 
Therefore, for each set of regressors and corresponding unknown parameter vectors, the adaption rate matrix is given byΓ
where ≥ 0 is the forgetting factor, ] ≥ 0 is the normalizing factor with ] = 0 leading to the unnormalized algorithm, is the preset upper bound for ‖Γ ( )‖ which guarantees Γ ( ) ≤ , ∀ , and the adaption function is defined as
The ARC and robust backstepping control laws share the same structure except that an online estimate of as described above, instead of the fixed offline estimate, is used. Thus, the adaptive robust control law for is given by
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Once the is calculated according to (51), the input signal for the proportional directional control valve could be obtained according to (7) and the relation between the input signal and effective valve orifice area (see Figure 3) .
Remark 2.
The system has one-dimensional internal dynamics, which arises from the physical phenomenon that there are infinite number pairs of ( , ) to produce the desired virtual control input . Rigorous theoretical proof of the stability of the internal dynamics is very hard and will be one of the focuses of our future work. Nevertheless, extensive experimental results obtained in this paper do prove that the two chamber pressures are bounded; that is, the internal dynamics is indeed stable.
Experimental Results
To test the proposed control strategy, an experimental setup has been built in our laboratory. The schematic of the experimental setup is shown in Figure 4 . ten seconds, is used as a measure of average tracking performance, where represents the total running time. (2) 1 = max −10≤ ≤ {| 1 |}, the maximum absolute value of the tracking error during the last ten seconds, is used as a measure of final tracking accuracy. (3) ‖ ‖ rms = √ (1/ ) ∫ 0 ( − 4.8)
2 , the average control input during the last ten seconds, is used to evaluate the amount of control effort of each algorithm. The controllers are first tested for tracking a sinusoidal trajectory with a frequency of 0.5 Hz and an amplitude of 0.125 m. The tracking errors are given in Figure 6 . Table 1 shows the experimental results in terms of performance indices. Due to the use of parameter adaption as shown in Figures 7 and 8 , (C1) and (C3) have much better steadystate tracking performance than (C2). In (C1), the adaption control law and parameter adaption law are synthesized simultaneously to meet the sole objective of reducing the output tracking error. The choice of parameter adaption law is limited to the gradient type with actual tracking errors as driving signals. Since the actual tracking error in implementation is normally small, the parameter estimates do not converge to their true values. In contrast, (C3) utilizes projection type RLSE algorithm, which realizes a complete separation of the control law design from the parameter adaption process, and more accurate parameter estimates are obtained. As a result, (C3) achieves an even better steadystate tracking performance than (C1). The final tracking error of (C3) is 1 = 2.9 mm, and the average tracking error of (C3) is ‖ 1 ‖ rms = 1.4 mm, which illustrates the effectiveness of the proposed ARC controller. The control inputs of the three controllers are shown in Figure 9 . All controllers use almost the same amount of control effort, and (C3) has a larger degree of control input chattering than (C2) and (C1). Nevertheless, the proposed adaptive robust controller (C3) demands much less amount of control effort than in [19, 29] to achieve such a good tracking performance. The chamber pressures of (C3) are shown in Figure 10 , which are bounded during the whole tracking process as expected.
To test the performance robustness of the algorithms to the parameter variations, a 4.32 kg payload is mounted on the slide. The tracking errors are shown in Figure 11 and the experimental results in terms of performance indices are shown in Table 1 . Figures 12 and 13 show the history of online parameter estimates of (C3) and (C1). Due to the change of payload, there exist large variations in the parameters. As seen, (C3) and (C1) perform much better than (C2). Although there are slightly large transient tracking errors, (C3) achieves almost the same steady-state tracking performance as before. This indicates that (C3) has high performance robustness to parameter variations. The control inputs of the three controllers shown in Figure 14 reveal that the control input will exhibit a larger degree of chattering due to the increase of payload. A large step signal is added to the output of the position sensor at = 7.7 s, which can be regarded as a sudden large disturbance to the system, and removed at = 12.7 s to test the performance robustness of the three controllers to the sudden disturbance. As seen in Figure 15 , the added disturbance does not affect the tracking performance much except the transient spikes when the sudden changes of the disturbance occur. However, (C1) may suffer from parameter drifting and destabilize the system in the presence of big disturbance.
Conclusion
Due to the highly nonlinear behavior and rather severe uncertainties in the modeling of pneumatic systems, nonlinear control schemes, which can account for model uncertainties, are essential for controlling precisely the motion of the pneumatic cylinders. Three nonlinear controllers-adaptive controller, deterministic robust controller, and adaptive robust controller-are constructed and compared in this paper. The adaptive controller is developed using the tuning function design. Since the system model uncertainties are unmatched, the backstepping technology is applied to design the deterministic robust controller. The adaptive robust controller effectively integrates adaptive control with robust control through utilizing online recursive least squares estimation (RLSE) to reduce the extent of parametric uncertainties and employing the robust control method to attenuate the effects of parameter estimation errors, unmodeled dynamics, and disturbances. Comparative experimental results have been presented to illustrate the achievable performance of the proposed controllers. Generally, the adaptive robust controller and adaptive controller perform much better than the deterministic robust controller. Moreover, although the adaptive robust controller has a larger degree of control input chattering, it attains higher tracking performance and performance robustness to parameter variations and external disturbance than the adaptive controller.
